Introduction
The present paper is devoted to the study of the special function Z ν ρ (x) defined for x > 0, ρ ∈ R and ν ∈ C, being such that Re(ν) < 0 when ρ ≤ 0, by
where R and C are sets of real and complex numbers, respectively. In particular, when ρ = 1 and x = t 2 /4, then in accordance with [1, 7.12(23) ],
where K ν (t) 
log |z| represents the natural logarithm and arg z is not necessary the principal value. An empty product in (7) , if it occurs, is taken to be one. L in (6) is an infinite contour which separates all poles of the Gamma functions (b j +β j s) (j = 1, 2, . . . , m) to the left and all poles of the Gamma functions (1
This contour L has one of the following forms:
(a) L = L −∞ is a left loop in a horizontal strip starting at the point −∞ + iϕ 1 and terminating at the point −∞ + iϕ 2 with −∞ < ϕ 1 < ϕ 2 < ∞;
(b) L = L +∞ is a right loop in a horizontal strip starting at the point +∞ + iϕ 1 and terminating at the point +∞ + iϕ 2 with −∞ < ϕ 1 < ϕ 2 < ∞;
(c) L = L iγ ∞ is a contour starting at the point γ − i∞ and terminating at the point γ + i∞ + iϕ 2 , where γ ∈ R. [16] . 
It should be noted that (6) also generalizes most of the known special functions of Bessel and hypergeometric type; see [15, 12, 13] . In this paper by using (4) and (5) and applying asymptotic expansions for the H-function (6), we establish the asymptotic behavior of Z ν ρ (z) at zero and infinity. Our method to deduce these asymptotic estimates for the Krätzel function differs from classical methods for finding asymptotic expansions of special functions; for example, see the books by Olver [17] and Fedoryuk [18] .
We also note that many authors have developed various numerical methods for special functions; for example, see the book by Gil, Segura and Temme [19] . But these methods cannot be applied to construction of numerical methods for the H-function (6) . Therefore the problem to establish numerical methods for this function is open.
We apply the obtained asymptotic results for Z ν ρ (z) to evaluate the integral
with a ∈ R (a = 0), b ∈ C (b = 0) and ω > 0, λ > 0, involving functions (1) and (6) It should be noted that there are many known integrals of special functions that can be evaluated in terms of elementary and special functions; see [1] and [14] [15] [16] [17] [18] [19] [20] [21] [22] . The integrals evaluated in this paper are new.
Preliminaries
In this section we present asymptotic properties of the H-function (6) at zero and infinity and conditions for the existence of H-functions in (4) and (5) . We shall use the following notation [15, Section 1.1]: 
(a) If the poles of the Gamma functions
with the additional condition | arg z| < a * π /2 in the case ∆ < 0, a
with the additional condition | arg z| < a * π /2 in the case ∆ < 0, a * > 0. Here M * is the largest order of general poles of
, m).
According to [15, Theorems 1.7 and 1.8], there hold the following asymptotic estimates at infinity for the H-function (6) with n > 0.
Theorem 2.2.
Let n > 0 and either ∆ 0 or ∆ > 0, a * > 0, and let
(a) If the poles of the Gamma functions (1
with the additional condition | arg z| < a * π /2 in the case ∆ > 0, a
Here M is the largest order of general poles of
p,q (z) has an asymptotic estimate at infinity different from that given in Theorem 2.2. To formulate the result, we use the following notation:
where ∆, δ, µ, a * 1 are defined in (11)- (13).
By [9, Theorem 1.10(i)] there holds the following asymptotic estimate for the H-function (22) with n = 0 and m = q.
has the asymptotic estimate
uniformly on | arg z| < (∆π /2) − ε.
There holds also the following asymptotic relation at infinity on the real line, deduced from [15, Corollary 1.10.2].
Next assertions [10, Theorems 3.1 and 3.2] yield conditions for the existence of Z ν ρ (z) in (4) and (5) 
, exists in the following cases:
Asymptotic estimates of the Krätzel function at zero and infinity
In this section we apply the representations (4) and (5) 
as z → ∞ uniformly on |argz| < (ρ + 1)π /(2ρ) − , where
Proof. For Z ν ρ (z) represented by (4), the constants in (11) and (13) 
while the constants C and D in (21) take the forms
Then Theorem 2.3 leads to the desired result in (34).
Finally we give the asymptotic estimates for Z ν ρ (x) with ρ < 0 at zero and infinity.
Theorem 3.3.
If z ∈ C, ν ∈ C(Re(ν) < 0), ρ < 0 and |argz|
Proof. By Theorem 2.6, Z ν ρ (z) (ρ < 0) has the form (5) and constants in (11) imply a * = (ρ − 1)/ρ > 0, ∆ = (ρ + 1)/ρ. Thus we can apply Theorems 2.1 and 2.2 with m = n = p = q = 1. r * and r in (14) and (17) 
Due to Theorem 3.1, the first formula is true under the additional condition k = ν + ρl for any k, l ∈ N 0 , while the second one is valid only for Re(ν) > 0. 
where α and β are given in (35).
Integrals involving the Krätzel function and the H -function
In this section we evaluate the integral (10) Then the integral (10) is given by
Proof. First we show that the integral in the left-hand side of (42) is convergent when a * > 0 or a * = 0, ∆ = 0. Let
Let r * be given by (14) . If the poles of Gamma functions (b j + β j s) (j = 1, 2, . . . , m) are simple, and poles of Gamma functions (s) and [(ν + s)/ρ] do not coincide, then in accordance with (15) and (32), we have the following power asymptotic estimate of the integrand (43) at zero:
When the poles of (b j + β j s) (j = 1, 2, . . . , m) coincide or poles of (s) and [(ν + s)/ρ] coincide, then by (16) and (33) the asymptotic of g(x) is given by
with some N ∈ N.
Let r and β be given in (17) and (35), respectively. According to (18) and (34), the integrand g(x) in (43) has the power exponential asymptotic estimate at infinity:
if the poles of Gamma functions (1 − a i + α i s) (i = 1, 2, . . . , n) are simple. If the poles of (1 − a i + α i s) (i = 1, 2, . . . , n) coincide, then by (19) g(x) has the power logarithmic exponential estimate, as x → +∞,
with some M ∈ N. If the condition (41) is valid, then, in accordance with (44)-(47), the improper integral on the left-hand side of (42) is convergent for x > 0. Now we prove (42) by using (6) and (7). We can choose the contour L = L iγ ∞ , which separates all the poles of the Gamma functions (b j + β j s) (j = 1, 2, . . . , m) to the left and all the poles of the Gamma functions (1 − a i − α i s) (i = 1, 2, . . . , n) to the right of L. We, additionally, suppose that the poles of Gamma functions (σ − λs) and ([σ − λs + ν]/ρ) lie also to the right of L. Substituting (6) into the left-hand side of (42), changing the order of integration, making the change of variable ax = u and using the relation for the Gamma function [11, 1.1(1)], we have
Applying the relation (4) and taking (6) and (7) into account, we obtain 
Then the integral (10) is given by
To find the same results for the case n = 0, we invoke Theorem 2.4. 
or ( 
Then there holds the formula
Proof. (55) is established by direct calculations, if we put ρ = 1 in (42), use (2) and apply (42) with ρ = 1, σ = µ − ων, ω being replaced by 2ω and a by |a| 2 /4.
Remark 4.1. When ω = 1, λ is replaced by 2λ and a > 0, (54) coincides with the known formula; for example, see [14] 2.25.3.4.
Integrals involving the Krätzel function and the Meijer G-function
In this section we consider the integral of the form (10) with the Meijer G-function (9), which is a particular case of the H-function (6) when
(56) By (56), the constant a * , ∆ and a * 1 in (11) and (13) take the forms
while µ is given in (12) . Then from Theorems 4.1-4.5 we deduce the following results.
Assume that λ > 0, ω > 0, σ ∈ C and ν ∈ C are such that
Theorem 5.2. Let ρ < 0, and let m, q ∈ N (m q) and n, p ∈ N 0 (n p) be such that q > p. Let a ∈ R (a = 0), b ∈ C (b = 0) and ν ∈ C(Re(ν) < 0). When n > 0, let Corollary 6.1. Let a ∈ R(a = 0), b ∈ C (b = 0), λ > 0, ω > 0 and σ , ν ∈ C. 
see [1, 7.11(14) and 7.11 (15) ].
